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Preface

No school would eliminate the study of language, mathematics, or history from its curriculum, yet the
study of music, which encompasses so many aspects of these fields and can even contribute to a better

understanding of them, is entirely ignored.
—Daniel Barenboim

This is the 2nd edition of our book on mathematics and music. As with the 1st edition, our purpose
is to explore the connections between mathematics and music. This may seem to be a curious task.
Aren’t mathematics and music from separate worlds, mathematics from the world of science and
music from the world of art? While mathematics does belong to the world of science, one of the goals
of science is to understand everything that we experience, and music is no doubt an essential part of
human experience. Mathematics has been described as the science of patterns, and we shall see that
there are many patterns in music that can be described with mathematics. Mathematics has also been
described as the language of the universe, and music itself has been described in such a poetic way. In
fact, connections between these two subjects go back thousands of years. For example, the classical
Greek mathematician, Pythagoras, contributed the essential ideas for how we quantify changes of
pitch for musical tones (musical intervals). The connections between mathematics and music have
grown enormously since those ancient days. We will try to explore as many of these connections
as possible, in a way that presents both the mathematics and the music to as wide an audience as
possible.

What’s New in the 2nd Edition
We have added a lot of new material to this edition. The most important additions are the following:

e A large number of color illustrations. The previous edition had only 16 color figures displayed
in a special insert. This 2nd edition expands these to over 100 color figures, all displayed within
the text itself for ease of reference.

e Two sections have been added on musical composition. Readers are given the opportunity to try
composing short pieces of music. These musical composition sections have been very popular
with our students, even those who are not musicians.

e A section has been added on analyzing personal performance. We hope this section is useful for
readers who sing or play a musical instrument. We describe how you can record your perfor-
mance, without the need for professional recording equipment, and do useful analysis of your
musical technique.

e Two sections have been added on the free, but powerful, thythm generator XRONOMORPH. Our
students have enjoyed using XRONOMORPH to generate their own original rhythm sequences.

e We have moved the book webpage (see below) to a new location, which should be more easily
accessible to readers.

Some other changes will be referred to in the following summary of chapters.



Summary of Chapters

Here is a brief description of the main topics covered in the book. For more details, please consult the
Table of Contents.

Chapter 1 describes the scientific approach to musical pitch, first worked out by Helmbholtz in
the 19*" century. Helmholtz’s theory, which relates pitch to frequency, provides a foundation for
understanding different musical scales. One very distinctive aspect of our treatment of this material is
our use of spectrograms. A spectrogram is a graphical portrait of the tones within a musical passage,
plotting these tones in terms of their frequencies and the time during which they are sounding. We
believe that spectrograms are an important tool for understanding and appreciating music, and that
they are not difficult to interpret correctly. So we introduce them before we describe the mathematics
used to create them; we postpone that discussion to Chapter 4. Although some might object to using
a mathematical technique before describing the details underlying it, we believe that the spectrogram
examples described here are so compelling, and so dramatically illustrate this material, that we simply
had to include them. In any case, they should provide a strong motivation for learning the mathematics
of spectrograms described in Chapter 4. Chapter 2 provides a brief introduction to musical notation.
It describes just enough notation so that all readers, even those who are not musicians, should be able
to read the brief score excerpts that we include in the book. There are a number of such score excerpts
in Chapter 3, where we provide some background in basic music theory. This basic music theory
is surprisingly mathematical. We emphasize the different musical transformations—scale shiftings,
transpositions, inversions—that composers have employed for centuries. These transformations do
have a clear mathematical interpretation. The chromatic clock introduced in Chapter 1 plays an
important role in understanding this basic music theory. The chapter concludes with a section on
composing your own music.

As described in the last paragraph, in Chapter 4 we discuss the mathematics of spectrograms.
In addition to the mathematics, we also provide some interesting musical illustrations, such as the
phenomenon known as beating and its relation to musical consonance and dissonance. In Chap-
ter 5 we demonstrate how spectrograms provide revealing insights into musical structure. These in-
sights would be difficult if not impossible to obtain through listening alone, because listening involves
mostly short-term memory, while spectrograms can display an analysis of several minutes of music.
Furthermore, when videos of spectrograms are traced out as the music is played they allow us to see
ahead what tones are to be played, thereby enhancing our anticipation of the music’s development.
Spectrograms also allow us to detect, and more deeply appreciate, subtle aspects of musical sound
quality such as vibrato, dynamic emphasis, and percussion. All of these insights would be difficult,
if not impossible, to gain if one only analyzed scores. Spectrograms provide a powerful tool for ana-
lyzing the music that we hear, rather than the notes prescribed for musicians to play. Having another
tool for analyzing music, in addition to musical scores, is very valuable. One way that spectrograms
and scores work together is that spectrograms reveal the overtone structure of the notes played from
a musical score. This overtone structure is very important for understanding musical intervals, which
are the building blocks of melody and harmony. The chapter concludes with a section on using spec-
trograms to analyze personal performance. We have written this personal performance section in such
a way that it can be used in classes that contain both musicians and non-musicians.

We have described some of the many valuable contributions that spectrograms make to the study
and appreciation of music. Our students generally consider the material on spectrograms in Chapters 4
and 5 to be the highlight of the book. Following these chapters, we incorporate rhythm into our study
of the mathematical aspects of music. In Chapter 6 we describe how pitch and rhythm share many
of the same mathematical features. Most books on music, both in music theory and in mathematical
treatments, focus exclusively on pitch and harmony. We believe our treatment of rhythm provides
our book with a more complete description of music. For this second edition, we have added four
new sections to this chapter. A new section on Bruch’s Kol Nidrei provides a case study in rhythm
and its connection with harmony. Two other new sections discuss two important rthythm types: per-
fectly balanced rhythms and well-formed rhythms. These sections also illustrate the use of the free



XRONOMORPH software for generating rhythms. The chapter concludes with another new section, a
continuation of the musical composition material that concluded Chapter 3.

The six chapters just described form the core material of the book. The two chapters that fol-
low them describe more advanced mathematical aspects of music. Throughout the book, we make
use of geometrical diagrams to aid us in understanding the basic logic of pitch organization and har-
mony. Chapter 7 explores this connection of geometry with music theory more deeply. The chapter
concludes with a new section that introduces some of the most recent geometrical music theory. Chap-
ter 8 describes some of the ways that computers can be used for synthesizing music. Electronically
synthesized music is widely used, and we have tried to explain how it works without getting over-
whelmed by technicalities. We have added a new section that describes how the widely used pitch
processor, Auto-Tune, works. The chapter concludes with another new section that surveys various
resources for digital sound synthesis.

Web site

To aid in the study of this book, there is an accompanying web site:
https://jameswalkermathmusic.net/

There are links at the book’s web site for videos of many of the spectrograms we discuss in the
book. You can also download the musical scores we examine in the book, playable with the free
music software MUSESCORE. We have supplied an online bibliography with many links to free
downloadable articles on math and music. Finally, there are links to other web sites related to math
and music, including all the ones mentioned in the book.

Prerequisites

To read this book, one needs to have a good background in high school mathematics. We will not
assume, however, the ability to read music. The book aims to teach some mathematics, so there are
exercises at the end of each section. It also aims to teach how the mathematics relates to music, so
many of the exercises involve musical examples. At the end we hope the reader will have a greater
mastery of some fundamental mathematics, and a deeper appreciation of music. An appreciation of
music made deeper because it is informed by both its mathematical and aesthetic structure.

Music Software

The world of recorded music has been enormously changed in the last three decades or so with the
introduction of computer technology. In this book, we use computers to aid in applying mathematics
to the analysis of music, and also to the creation of new music. Mostly, we use three free software
programs. These three free programs are

1. AUDACITY. An audio editor. We have used it for creating and playing spectrograms.

2. MUSESCORE. A musical scoring program. We have used it to create brief passages of musical
scores, which you can play on MUSESCORE when studying these passages in the text.

3. XRONOMORPH. A rhythm generator. In Chapter 6, we discuss how to use it to generate three
types of rhythms: perfectly balanced rhythms, well-formed rhythms, and Euclidean rhythms.

The book can be studied without working with these programs, although we encourage you to try
them. We provide some tutorials on using these programs in Appendix E.



Order of Chapters

Chapters are mostly organized sequentially. Each chapter uses, to a degree, material from preceding
chapters. Chapter 8 is an exception, as it can be read immediately following Chapter 4. Although
chapters proceed sequentially, there is some flexibility in how they can be covered in a classroom
setting. For example, in our Mathematics and Music course at UW-Eau Claire, we have successfully
taught the material using the following sequence:

Chapter 1, Chapter 4, Chapter 5, Chapter 3, Chapter 6, Chapter 8, Chapter 7.

Since typically at least half of the class can play and read music, Chapter 2 is given as optional reading
at the start of the class for those students who need to learn basic music notation. Having students
work in groups on material, such as Chapter 3 with its emphasis on music theory, can be very helpful
for those students who have a great interest in understanding music but lack performance ability. We
have found, however, that even students who are not musicians can master the elementary material in
Chapter 2 on their own, and then read the music theory in Chapter 3 with understanding.
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